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SOBOLEV INTERPOLATION INEQUALITIES WITH WEIGHTS 

CRISTIAN E, GUTIERREZ AND RICHARD L WHEEDEN 

ABSTRACT, We study weighted local Sobolev interpolation inequalities of the 
form 

_1_ r lu (x)I Ph Ui 2 (x) dx :S (' (_1_ r lu (x)IP Ii (x) dX)h-1 
1172 (B) J Bl' (B) J B 

x (IBIP/n r lY'u(x)IPw l (x) dx+ _1_ r lu(x)IPu(x) dX) 
wl(B)JB v(B)JB 

where I < p < 00, h > I, B is a ball in Rn , and 11, 111 1 , and 1112 
are weight functions, The case p = 2 is of special importance in deriv-
ing regularity results for solutions of degenerate parabolic equations, We also 
study the analogous inequality without the second summand on the right in the 
case u has compact support in B, and we derive global Landau inequalities 
IIY'uIILq :S cllull~;;-allY'2ull~p, 0 < a < I, I < p :S q < 00, when u has 

II' /' /' 

compact support. 

1. INTRODUCTION 

In this paper we consider interpolation inequalities of the form 

W 2 ~B) llU (X)1 2h W 2 (x) dx :::; c (v /B) l U (X)2 V (x) dx r- I 

( IBI2/n r 2 1 r 2 ' ) 
X WI (B) } B lV'u (x)1 WI (x) dx + v (B) ) B U (x) V (x) dx) , 

(1.1 ) 

for U E Lip(B). Here h > 1, B is a ball in Rn , IBI denotes the Lebesgue 
measure of B, v(B) = Is v(x) dx, v, WI' and w 2 are nonnegative functions, 
and c > 0 is a constant independent of Band u. Also, Lip(S) denotes the 
class of functions which are Lipschitz continuous in Jj, and LiPo(B) denotes 
the subclass of functions with compact support in B. We also derive inequali-
ties analogous to (1.1) with the second summand on the right-hand side omitted 
if U has compact support in B. 

Such inequalities are the main tool in proving Harnack's inequality for solu-
tions of certain degenerate parabolic equations by using the iteration method of 
Moser [12]. For this method it is important to have h > 1 on the left-hand side 
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of (1.1). Using the results in this paper we show in [8] Harnack's inequality for 
solutions of equations of the form 

where 

n 

v(x)u[= L DX(aij(x,t)Dxu), 
I J 

i ,)=1 

n 

'WI (x) 1¢1 2 ~ L ail (x, t) ¢i¢) ~ 'W2 (x) 1¢1 2 , 
i ,j=1 

x En, t E R, with n a domain in Rn. We mention that such equations 
arise by making a quasiconformal change of variable y = cp(x) in the heat 
equation ih = ~v; in this case, v = I det( cp') I and 'W I and 'W2 are constant 
multiplies of v(n-2)/n. They also appear in the problem of heat conduction 
in a nonhomogeneous and nonisotropic medium; in this case v(x) represents 
the product of the density times the specific heat at the point x and aij is 
the thermal conductivity. For results about this equation when v = 1 and 
WI = c'W2, see for instance [4,7]. Also, when v = 'WI = 'W2, see [5, 13]. 

We present the interpolation inequalities separately because they are of in-
dependent interest and because the method we use to prove them is useful in 
other situations. We give one such result, Landau's inequality, in Theorem 5 
below. 

We say that a nonnegative and locally integrable function 'W is a doubling 
weight if there exists a constant c > 0 such that 'W(2B) ~ c'W(B) for every ball 
B in Rn , where 2B means the ball with the same center as B and twice the 
radius. Given 1 < p < 00 , we say 'W E Ap if for all balls B in Rn 

( 1 r d) (1 r -I/(P-I)d )P-I 
fBllB'W x fBllB'W X ~c. 

We say 'W E Al if rn IB 'W dx ~ cessinfB 'W. Also, if v is a weight, 'W E Ap(v) 
means an analogous inequality holds with dx and IBI replaced by v(x) dx and 
v(B), respectively. We also use the notation Aoo(v) = Up:::: I Ap(v). 

Given q > 2, we say that the Poincare inequality for 'WI' 'W2 holds for B 
if there exists a constant c(B) such that for every u E LipeR) we have 
(P) 
( 1 r ) I/q ( 1 r ) 1/2 

'W2(B)lBlu-avl1,BuIQ'W2dx ~c(B)IBII/n 'WI(B)lBI'luI2'Wldx , 

aVIl,B u = JI/B)h UdJI ' 
If we assume 'W ~ I ''W2 doubling and, for given B, 

( 1.2) ( 
_ ) I/n-I ( -) I/Q ( _) 1/2 IBI 'W2(B) a(B) - -- -- <c IBI 'W 2 (B) a (B) -
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~ 1 
for every ball B c 2B and (j = w; , then by [14] (P) holds for B with 
c(B) = cIBI- I Wl (B)1/2(j(B)1/2, and f-l = 1 or f-l = w2 . If WI E A2 then (1.2) 
is equivalent to 

( 1.3) ( IBI)l/n (W2(B))1/Q <c(Wl (B))1/2 
IBI w2 (B) - WI (B) 

Therefore, if WI E A 2 , w2 is doubling, and (1.3) holds, then (P) holds with 
c(B) independent of Band f-l = 1 or f-l = w 2 • We also know that if (P) holds 
and WI' w2 ' and f-l are doubling, then (1.3) holds. In fact, the proof given in 
[3, p. 1194] for f-l = 1 or f-l = w 2 works for any doubling f-l. 

We now state our main results. 

Theorem 1. Let WI' w2 ' and f-l be doubling weights. Suppose (P) holds for 
WI' w2' and some q > 2 for all B c 3Bo with center in Bo and with c(B) 
independent of B. Suppose also that there exists c > 0 such that 

(1.4) 1 lin 1 2 ( )
1/2 

f-l (B) Is lu - av j1, B Ulf-l dx :::; c IBI WI (B) llV'ul WI dx 

for every B c Bo and every u E Lip(S). Then there exists h > 1 and a constant 
c such that 

1 ( 2h 
w2 (B) 1 B lui w2 dx 

2(h-l) (IBI2/n ( 2 2) 
:::; c(avj1,B lui) WI (B) lB lV'ul WI dx + (avj1,B lui) 

( 1.5) 

for every B c Bo and every u E Lip(B) . 
We remark that condition (1.4) with f-l = w2 follows by Holder's inequality 

from (P). This is because if (P) holds with any f-l then it also holds with f-l = w 2 . 
Condition (1.4) also holds for f-l = 1 if WI satisfies 

IBI-2 Is WI dx Is W;l dx :::; c 

for all Be Bo; see Remark (2.10) in §2 for a proof. See also Remark (2.9) for 
some comments about the value of h in Theorem 1. 

Corollary. Let WI and w2 be doubling weights. Then there exist h > 1 and a 
constant c such that 

1 { 2h 
w2 (B) 1 B lui w2 dx 

( 1 {2 )h-l (IBI2/n {2 1 (2 ) 
:::; C v (B) 1 B u v dx WI (B) 1 B lV'ul WI dx + v (B) 1 B u v dx 

for every ball B c Bo and every u E Lip(B) under either of the following 
conditions: 

(i) WI' v E A2 and (P) holds for WI' w2' f-l = 1 and some q > 2 for all 
B C 3Bo with center in Bo ' and with c(B) independent of B . 
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(ii) V/W2 E A2(w2) and (P) holdsfor WI' w2' any fl, and some q > 2 for 
all B c 3Bo with center in Bo' and with c(B) independent of B . 

Theorem 2. Under the same assumptions as in Theorem 1 but with (1.4) replaced 
by 

( 1.6) 1 lin 1 2 ( )
1/2 

fl (B) llul dfl ::=; c IBI WI (B) llvul WI dx 

for every u E LiPo(B) and all B c 3Bo' there exist h > 1 and a constant c 
such that 

(1.7) 1 f 2h 2(h-l) (IBI2In f 2 ) 
W2(B)}Blul W2dx::=;c(av,u,Blul) WI (B)}B lvul wldx 

for every B c Bo and every u E LiPo(B) . 

Theorem 3. Let WI' w2' and fl be doubling weights and suppose (P) holds for 
B with WI' w2' and some q > 2. If W2/V E A,x,cv) then there exist h > 1 
and a constant c > 0 such that 

1 f 2h 
w2(B)}Blul w2dx 

( If 2 )h-I (IBI2In f 2 2) ::=;c v(B)}B uvdx WI(B)}BIVul w,dx+(av,u,Blul) 

for all u E Lip(B). Also if (P) is replaced by 

(S) (W l
1(B) llu lq w2 dX) Ilq ::=; c IBl l/n (W l

1(B) llVUl2 WI dX) 1/2 

for all u E LiPo(B), then the inequality above holds with (av B lul)2 omitted ,u, 
for all u E LiPo(B) . 

See Remark (3.1) for the relation between Theorem 3 and the second part of 
the corollary to Theorem 1. 

The local results proved above lead to global results for functions with com-
pact support in Rn by letting B r Rn. For example we have the following 
theorem. 

Theorem 4. Suppose that WI' w2' and v are doubling weights and that inequal-
ity (1. 7) holds with fl = v for every ball B and every u E LiPo(B) with constant 
c independent of u and B. Then 

f IU I2h W2dx::=;c(f u2Vdx)h-l(f IVU I2 w , dX) JRI! JRIl JRII 
for every Lipschitz function u with compact support if and only if 

I 21n h-I BI w2 (B) ::=; cW I (B) v (B) 
for all balls B in Rn . 

The same method used to prove Theorems 1 and 2 gives the following theo-
rem. 



SOBOLEV INTERPOLATION INEQUALITIES WITH WEIGHTS 267 

Theorem 5. Suppose I < p ~ q < 00, v E Ap ' W is doubling, and the following 
Poincare inequality holds: There exists a constant c such that for all balls B 

(w ;B) Is lu - av B ul q W dX) l/q ~ c IBII/Il (v /B) Is lV'ulP v dX) lip , 

where av B u is the average of u with respect to Lebesgue measure. If 0 < a < I 
then 

( 1.8) 

for every u E C2(RIl) with compact support if and only if 

(1.9) IBI(2a-I)/1l W (B)l/q ~ cv (B)l/P 

for all balls B in RIl. Here V' 2u denotes the vector whose components are the 
second derivatives of u . 

If W = v and p = q then v E Ap implies the Poincare inequality required 
above and (1.9) means a = 1/2. Hence, assuming only that v E Ap ' we have 

lIV'ulle ~ c Ilull~211V'2UII~2 . 
/' I' I' 

For results about the Landau type inequalities proved in Theorem 5, see [2, 
6] and the references listed there. 

We remark that Theorems 1-4 and the Corollary have analogues for LP 

norms instead of L 2 norms. To obtain the statements of these results, simply 
replace the exponents 2, 2h, 2(h - 1), and 21n by p, ph, p(h - 1), and 
pin, respectively, at each occurrence, and in (P) and (S) replace the exponent 2 
on the right by p, keeping q > p. For a related comment, see Remark (2.11). 

The organization of the paper is as follows: in §2 we prove Theorems 1 and 
2 and the Corollary; in § 3 we prove Theorems 3 and 4; and in §4 we prove 
Theorem 5. For the relation between q and h, see Remarks (2.9) and (3.2). 

2. PROOF OF THEOREM I 

The proof is done in two steps. The first step is to show that the conclusion 
of the theorem holds with the integrals on the right-hand side extended over 
3B , i.e., we will show that there exists h > 1 and a constant c > 0 such that 

r 2h 2(h-ll 1B lul w2dx~cw2(B)(avII.3Blul) 

( IBI2/1l r 2 2) 
X WI (B) 13B lV'ul WI dx + (avII ,3B lui) 

(2,1) 

for all B c Bo and u E Lip(3B), Fix a ball B and let x E B and B~ be a 
ball centered at x, We set q = 2ho ' ho > 1 . We have 

,Is, lul 2h w 2 dy ~ 4h {Is, lu - av 11. B, ul 2h W2 dy + I av 11, B, UI2hW2(B,l} . 



268 C. E. GUTIERREZ AND R. L. WHEEDEN 

If h :::; hO ' then by using Poincare's inequality we have 

l1ul2h w2dy 
B, 

<; c'",(BJ {IBxl2hI' ( w, ! Bx) /., l'1ul' w, dY) h + I aV"B, ul2h } 
= cw2(BJ {I + II} . 

Now if Bx is large, i.e., if B c Bx c 3B, then we may assume I ~ II, 
because if I < II then 

( 2h 2h 2(h-l) 2 
lB lui w2dy:::; cw2(BJlavll ,B, ul = cw2(BJlavll ,B, ul (avll,B, u) , 

x 

which by doubling implies (2.1). 
On the other hand, if IBx! -+ 0, then I -+ 0 and II -+ lu(x)1 2h . Therefore, 

if u(x) i- 0, then for small Bx we have I < II. Hence, given x E B such that 
u(x) i- 0, there exists a ball Bx contained in 3B such that I = II, i.e., 

(2.2) I 12/n ( 1 ( 2) 2 
B x WI (B J 1 B, 1\7 u I wid y = (av 11 ,B, u) . 

Consequently, for this ball Bx , 

1 2h 2h/n ( 1 1 2 ) h lui W2 dy :::; cW2(BJ IBx! (8 ) l\7ul WI dy 
B, WI x B, 

2(h-l) I 12/n( 1 ( 2 ) 
= cw2(Bx)lavll ,B, ul Bx wI(BJ lB, l\7ul WI dy . 

By Besicovitch's covering lemma there is a family {Bk}~1 of such balls which 
covers B and which has bounded overlaps. Therefore, by adding over k and 
using the fact that aVIl,B, lui:::; J3B luld/1//1(Bk) since Bk c 3B, we obtain 

(2.3) 

Is lul 2h w2 dx 

:::; C L w2(Bk)(avll ,B luI)2(h-l) (IB(~/~ ( l\7ul 2 WI dX) 
k k WI k 1 Bk 

(~ ) 2(h-l) 1 W (B ) IB 12/ n 1 
:::; C lui d/1 L 2(h-l) 2 wk (B ) l\7ul 2 WI dx. 

3B k /1(Bk) I k Bk 

We will show that under the hypothesis (P) of Theorem 1, there exists hi > 1 
such that 

(2.4) w2CJJ) < C (/1(B))2(h l -l) {(I~I)2/n wl(B) + (/1(B))2} 
w2 (B) - /1 (B) IBI WI (B) /1 (B) 
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for all pairs of balls B, B such that B c 3B, B c Bo ' and the center of B 
lies in B. Note that if (2.4) holds for some value of hI it also holds for all 
smaller values of hI' Taking (2.4) momentarily for granted, let us complete 
the proof of step one with h chosen to be less than or equal to min{ho' hI}' 
In fact, using (2.4) with B = Bk , (2.3) is then at most 

C (r u d )2(h-l) IBk1
2/n w2 (B) (Ji(Bk))2(h-l) 

l3B I I Ji ~ Ji(Bk)2(h-I)WI (Bk) Ji(B) 

{ ( IBI)2/nWI(Bk) (Ji(Bk))2} r 2 
x IBkl WI (B) + Ji (B) 1 B, lV'ul WI dx 

~ cW2 (B) (avjl,3B luI) 
2(h-l) 

{ IBI2/n r 2 
x WI (B) ~ lB, lV'ul WI dx 

1 IBI2/n 2 j 2 } + --2 L W (B )Ji(Bk) lV'ul WI dx 
Ji(B) k I k B, 

~ CW2 (B) (avjl,3B luI) 
2(h-l) 

{ IBI2/n h 2 1 (1 ) 2} x -(B) lV'ul WI dx + -r 2 L UdJi , 
WI 3B Ji\B) k B, 

where for the first sum we have used the bounded overlaps of the Bk's, and for 
the second sum we have used (2.2) for each Bk . Since 

we obtain the desired estimate 

2(h-l) {IBI2/n r 2 2} 
CW2 (B) (avjl.3B luI) WI (B) l3B lV'ul WI dx + (avjl,3B luI) . 

We now prove (2.4). Since WI' w2 ' and Ji are doubling, (P) implies (1.3) 
with q = 2ho ; therefore 
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Thus, we will be done if there exists hI > 1 such that 

[ -]1-I I hO [_]2 (h I - I ) w 2(B) f1.(B) -- <C --w 2 (B) - f1. (B) 

But since w 2 and f1. are doubling, there exist v, d > 0 such that w 2 E RDv 
and f1. E Dd , i.e., 

~(jj) 2 c (:!:) d ~(B), 
and consequently 

[ 
-]I-llhO ( - )V(I-llhO) (- )(V1d)(I-llhO) w 2(B) IBI f1.(B) -- <c - <c --w2 (B) - IBI - f1. (B) 

Now pick hI so close to 1 that J(1 - l/ho) ~ 2(h l - 1). This completes the 
proof of step one for any h :::; min{ho' hI} . 

Note that (1.4) is not used in the proof of step one. 
We now turn to the second step in the proof of Theorem 1, namely, to deduce 

the inequality (2.1) for B, B, i.e., to show that 

hlUl2h w 2 dx 

2(h-l) (IBI2In r 2 2) 
:::; cW2 (B) (av/l,B luI) WI (B) iB l\7ul WI dx + (av/l,B luI) 

for all B c 1Bo and u E Lip(lJ). We use an idea of R. V. Kohn (see [9, 10]). 
We construct a family of disjoint balls in B in the following way. Set B = 

Br(xO) , 

( 
103 ))-1 r 

e) = I + 103 1 + 103 ' 
j = 1,2, ... , 

and let R) be the ring 

R) = {x: e l + ... + e) :::; Ix - xol < e l + ... + e)+I}' 

j = 1, 2, ... , Ro = Bel (xo)' Note that U~o R) = B since L~I e) = r. The 
width of R) is e)+1 . In R) consider the family of all balls with radius ~e)+1 

contained in R) and let {Bk) h be a maximal subfamily of disjoint balls. We 
00 set B = Ro' 

The family {B k ) h.) has the following properties: 

(1) R)CUk3Bk). 

(2) ABk ) C Br(xO) for A < 103 + 1 . 
2 k (3) {lOB J} k ,) has bounded overlaps. 
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k Then by (2.1) applied to each ball 3B } 

271 

By estimating I as we estimated the sum in (2.3) and using (2) and (3) we obtain 

2(h-I) IBI 2/ n r 2 
I::; c(av,u,B luI) w2 (B) wI(B) iB lV'ul WI dx. 

To estimate II, given Bkj let 9'(Bkj ) = {A~j , A;j , ... ,A?} be the chain 
of balls connecting Bkj and BOo. By this we mean A~j = BOo, A~j = Bkj , 

and 2A;j n 2A;~ I =I- 0, r = 0, 1, 2, ... , j - 1 . Then 

~ ~ II = c""' w2(B )(av 9BkJ lu - av 9BOO u + av 9BOO ul) ~ ,u, ,u, ,u, 
k,j 
h ""' kj 2h ::; 4 c ~ w2(B )(av,u.9BkJ lu - aV,u,9Boo ul) 

k,j 
h ""' kj 2h +4 c~w2(B )lav,u,9Booul 

k.j 
= III + 112 , 

2h Clearly, 112 ::; cw2(B)(av,u.B luI) . 
To estimate III we write for x E 9Bkj 

lu(x)-av 9BOOul=lu(x)-av 9BkJu+t(av 9AkJu-av 9AkJ U)I· fl., j1., /1, m J.1" l1l-t 
m=I 

Then 
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SI can be estimated using (1.4). In fact, we write 

L kj I 2(h-l) I 1)2 SI = w2(B )(av 9B') lu - av 9B') u ) (av 9Bk' u - av 9Bk) u fl, fl, fl, fl, 
k.J 

and since by (2) 

av 9B"lu-av 9Bk)ul~2av 9Bk)lul~ 2k (luldf.1., 
fl. fl. fl. f.1.(9BJ)iB 

then 

Again, in the same fashion by which we estimated I, we obtain 

2(h-l) IBI 2/ n ( 2 
SI ~ c(avfl •B lui) W2 (B) WI (B) iB lV'ul WI dx, 

which is the desired estimate. 
To estimate S2' use Holder's inequality for sums to obtain 

2 
xlav 9A"u-av 9-1" ul· f1, 11/ f1, . }}I~l 

Using the Poincare inequality for WI ' W2 we have 

{ I av 9A" U - av 9A" ul 2w2 dx i 9A "n9A" fl. '" fl. ",-1 
11/ 111-1 

~ 2 ({ lu-av 9.4" ul 2w2 dx+ ( lu-av 9.4" u12W2dX) 
i 9A " fl. '" i 9A " fl· ",-1 

//I III-I 

(A kj) 1 < ciA kj 12/ n w 2 In lV'ul 2w d x 
- In (A kJ)', I WI In 9A", 

. W (A kJ ) 1 I·A kJ 12/n 2 In-I . I'" 12 d + C In-I k v U WI X. 
W (A J ) 9-1" I In-J . 111-1 
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IA kj 1 2/ n IA kj 1
2/ n 

::; e m k. 1 . IV'u l2w I dx + e m-~. 1. IV'ul2wI dx. 
wl(A,j) 9A;,; wl(A,j_I) 9A;,:_1 

Thus, as usual, 

S2 ::; e (llu l d/1 ) 2(h-l) 

j 

= 2:/h-1 2: w 2(Bkj ) 2: 2: XY(B,,)(A) 
j k:B"ER , m=OAER,,, 

x IV'ul 2w dx IAI 2/ n 1 
/1(A)2(h-I)W I (A) 9A I 

j IAI2/n 1 1 2 
= 2:/h-1 2: 2: 2(h-I)-(4) IV'ul WI dx 

J. /1(A) WI" 9A m=OAER", 

We claim that there exists a > 0 such that 

2: kj e (2.5) w 2(B )::; . w2 (A) 
(l+a)J-m 

k: B"ER; 

if A E Rill. 

AEY(B'I) 

We shall momentarily take (2.5) for granted. Observe that if A E Rm then 

radius(A) = -21 ( I033)m r 3' 
1+10 1+10 

so if we set c:5 = (1 + 103 )/103 , then IAI ::; ern /c:5 mn = eIBI/c:5mn . Now picking 
e > 0 such that 1 + a = c:5 G , we see that the sum above is bounded by 

'" .2h-1 ~ '" IAI 2/n 1 w, (A) r V' 2 d 
(2.6) ~J ~ ~ (A)2(h-l) c:5£(}-m) w~ (A) 19 I ul w, x. 

J m=O AER", /1 ,A 
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We will show below that there exist h2 > 1 and a > 0 such that 

(2.7) w 2(B) < c (f1(B) )2(h2 -1) (1~1)2/n-n wl(B) 
w 2(B) - f1 (B) IBI WI (B) 

for all balls B c B. Note that if this condition holds for some value of h2' it 
also holds for all smaller values of h2 • Taking (2.7) for granted and assuming 
that h ~ min{ ho' hi ' h2 } , we see that (2.6) is bounded by 

IBI 2/n w2 (B) ~ .2h-1 ~ ~ 1 (IAI)" r \l 2 d 
c f1 (B)2(h-l) w (B) ~} ~ ~ Je(J-m) IBl 19.4 I ul WI x 

I J m-OAERm 

< c IBI 2/n w 2 (B) ~ .2h-1 J-e) ~ Jem-amn r l\lul 2 W dx. 
- f1(B)2(h- l l w (B)~} ~ 1B I 

I J m=O 

We have 
00 ) 

Lj2h-IJ-e) L J-nmn+em 
j=O m=O 

00 00 00 

= L J-nmn+em L /h-IJ-e) ~ c L J-amnm2h-1 , 
m=O )=m m=O 

which converges since a > 0 and J > 1 . 
The same sort of argument that we used to prove (2.4) shows that if w2 E 

RDIJ and f1 E Dd then (2.7) holds for any a> 0 and h2> 1 which satisfy 

v (1 - l/ho) ~ 2d(h2 - 1) + a. 

This implies the result. 

Proof of (2.5). Fix A E Rm ' and for m ~ s ~ j define 

Zs = U B ks . 

k : Bk'ERs 
AE.7(Bks) 

Note Zm = A. We will show that there exists a > 0 depending only on the 
doubling constant of w2 such that 

(2.8) 

In fact, since the width of Zs is es+ l , if we let A = 103/(103 + 1), we see 
that the width of U~=s+ I ZI is 

, ... ,j-s <_1_ -(1 03 ) lLes+ 1 + +~. es+ 1 - 1 _ A es+ 1 - + 1 es+ l • 
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Therefore, letting 

2( I + 103)ZS = U 2( 1+ 103)Bks , 

k:Bb ERs 
AE7(Bks ) 

. 3 
we have Uf=s+ 1 ZI C 2( I + 10 )Zs' Then, by doubling, 

w2 ( U ZI) ~ w 2(2(1 + 103)ZJ ~ ew2(Zs), 
I=s+l 

and (2.8) follows by taking (J = lie. Iteration of (2.8) gives 

w2(Z) ~ 1_ w2 (Ui 
ZI)' 

J (1 + (J)J m I=m 

275 

3 . 
and since 2( 1 + 10 )Zm J Uf=m+l ZI and Zm = A, (2.5) follows by doubling. 

Remarks. (2.9) We now make some comments about the values of h in steps 
one and two of Theorem 1. 

Note that if the weights are doubling and (2.1) holds for a given h, then 
condition (2.4) holds with hi = h. This follows as usual by choosing an ap-
propriate function u. Conversely, as the proof shows, (2.1) is valid for any 
h ~ min{ho' hi} with hi as in (2.4). Moreover, the conclusion of Theorem 1 
holds for h ~ min{ho' hi' h2} with h2 as in (2.7). In particular, if w2 E RDv 
and J1 E Dd , then (2.1) holds for h ~ min{ho' 1 + {d(l-l/ho)}' In case 
WI = w2 and J1 E Dd , (2.4) holds with hi = 2 + lind and (2.7) holds with 
h2 < 1 + lind. 

(2.10) To see that condition (1.4) holds for J1 = 1 and WI E A2 , note that 

I u (x) - av u I < e j I V' u (y) I d y 
B-

1 
In - l B X - Y 

for x E B. Integrating over B we get 

r lu (x) - av B ul dx ~ e r lV'u (y)1 r 1 n-J dx dy JB JB JB Ix-yl 
~ e IBl l/n ilV'u (y)1 dy. 

Hence, since 181-2 IB WI dx IB W;l dx ~ e, (1.4) follows by Schwarz's inequ~l­
ity. 

(2.11) The proofs of the LP analogues of Theorems 1-4 mentioned in the 
introduction are the same as in the L 2 case, replacing 2 by p whenever 2 
appears in an exponent, including those exponents in conditions (2.4) and (2.7). 

Proof of the Corollary. If (i) holds, we first note that the hypothesis of Theorem 
1 is satisfied for J1 = 1; for (1.4) this follows by Remark (2.10) above. The 
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conclusion of the Corollary then follows from the conclusion of Theorem 
using the fact that v E A2 implies 

1 r ( 1 r 2 ) 1/2 lET 1 B lui dx ::; C v (B) 1 B u v dx 
If (ii) holds, the fact that (P) is true for any f.1. implies that (P) is also true 

for f.1. = w2 ' and thus (1.4) holds for f.1. = w2 • The conclusion of the Corollary 
now follows from Theorem 1 with f.1. = w 2 since v /W2 E A2 (w2 ) implies 

1 r ( 1 r 2 ) 1/2 
w 2 (B) 1 B lui w2 dx ::; C v (B) 1 B U v dx 

Proof of Theorem 2. The proof of Theorem 2 is similar to that of Theorem 1. 
If u has support in B we show in the same fashion that for Bx large, i,e., 
B c Bx c 3B , we may assume I ?: II, because if I < II then 

1 2h 2h lui W 2 dx ::; cw2(BJI aV!1 B ul 
B\ ' \ 

2(h-l) 2 
= cw2(B,)lav!1,B, ul (av!1,B, u) 

2(h-1J I 12/ n 1 r 2 
::; cw2(B,Jlav!1.B, ul Bx w 1(BJ lB, IV'ul WI dx 

by (1.6) applied to Bx' Here we extend u to be 0 outside B. The rest of the 
proof of step one is the same as in Theorem 1 except that in estimating (2.3) 
we replace (2.4) by the weaker condition 

w2(E) (f.1.(B))2(h 1-l) (IBI)2/n w 1(B) 
(2.12) w 2 (B) ::; C f.1. (B) lEI WI (B) 

for all B c 3B . Thus we obtain (2.1) with the second factor on the right-hand 
side omitted. Since supp u C B we do not need step two, and Theorem 2 
follows. 

In passing we note that condition (2.12) with hI = h is necessary for the 
conclusion of Theorem 2; this again follows by choosing an appropriate function 
u. 

3. PROOF OF THEOREM 3 

We write 

11 12h d -1(1 12(h-l) h-l)( 2 l/ho)( l-ljho l-h)d U w 2 X - U v U w2 w2 V X. 
B B 

Applying triple Holder's inequality with indices 1/ (h - 1), ho and r, h - 1 + 
1 / ho + 1 / r = I , we get 

(1 ) h-l(1 )1/hll(1 )1/r < 2 d 2ho, d (1-I/ho)r (l-hJr d _ U v x U W 2 X W 2 V X 
B B B 
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The second term by Poincare's inequality is bounded by 

C (liU - av /1, B ulZhowz dx + w 2 (B) (av/1. B IUI)Zho) Ilho 

Z77 

<: C (IBI"'I' "', (B) (w, ~B) il'Vul' w, dx t + w, (B)(av", B IUI)"') 'I', 
::; cWz (B)I/ho [IBI2In (W l

1(B) ll\7U l2 WI dX) + (av/1,B IUI)Z] , 

To estimate the third term observe that (h - l)r + 1 = r(1 - l/ho); then 

1 (1-llho)r (I-hlr d -1 (Wz)(h-l)r+1 d 
W 2 v X - - v X. 

B B v 
If h ~ 1 then r stays bounded and (h - l)r + 1 ~ 1 . Thus, for h near 1, by 
the reverse Holder property of wz/v , 

1 (w )(h-llr+1 (f (w /V)VdX)(h-llr+1 _z v d x < CV (B) -"-'B"----'Z"--__ 
B V - v (B) 

W, (B)(h-l)r+1 
= C -----=-----:-;-----:-c--

V (B)(h-Ilr 

Consequently, 

{Zh ( 1 (z ) h - I I I h h - I + I I r 
j B lui Wz dx ::; C v (B) j B U v dx Wz (B) 0 W z (B) 

x (IBl zln (W l
1(B) ll\7Ulz WI dx ) + (av /1 ,B IUl)z) 

and the inequality in the theorem follows. 
If (P) is replaced by (S), then we estimate the second term above using (S) 

and we obtain the inequality in the theorem with the term (av /1, B I uI)2 on the 
right-hand side omitted. 

Remarks. (3.1) We shall see that the hypothesis wz/v E Aoo(v) of Theorem 
3 is weaker than the hypothesis wz/v E Az(wz) of the Corollary: Note that 
the hypothesis wz/v E Az(wz) is equivalent to the hypothesis v/wz E Az(wz). 
However, in order to get a summand U(~l IE uZv dx instead of (av/1,B lul)z in 
the second factor on the right in Theorem 3 with J1. = Wz we need wz/v E 
A2(wZ) • 

To show that rp E A2(rpv) implies rp E Aoo(v) (rp will be wz/v), note that 
if rp E Az(rpv) , then 

( 1 (z ) liZ 1 ( 
V(B)jBrp vdx ::;CV(B)jBrpvdx; 

that is, rp satisfies a reverse Holder condition of order two with respect to v dx , 
and therefore rp E Aoo (v) . 
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(3.2) If 00 is the reverse Holder order of W2/V with respect to v, then the 
exponent h in Theorem 3 can be taken to be any value h :S ho such that 

h - I 
(h -I)r+ 1= (2-~)ho-I :S 00 , 

Proof of Theorem 4. If u E Lipo(Rn) with supp u c Bo, then the sufficiency 
follows by applying (1.7) in Bo, using Schwarz's inequality on the first factor 
and then applying the hypothesis 

I Bol21n w 2(Bo) :S cW I (Bo)v(Bo)h-1 . 

For the necessity take u = I in B, u = 0 outside 2B, and IV'ul :S c/IBl lln • 

4. PROOF OF THEOREM 5 

We first prove the sufficiency of (1. 9) for (1.8). Let B be a ball in Rn and let 
av B V'u be the vector average of V'u over B with respect to Lebesgue measure. 
By Poincare's inequality applied to each component of V'u, 

( 1 r q ) I/q 

W(B)JBIV'u l wdx 

( 1 r ) I/q 
:S W (B) } B IV'u - av B V'ul q W dx + lav B V'ul 

( I r )I/P 
:sclBl lln V(B)JBIV'2UIPvdx +lavBV'ul· 

Now we use the inequality (see [II, Lemma, p. 65]) 

lav B V'ul :S c {IBI- Iln 1~lllul dx + IBl lln 1~ll1V'2UI dX} 

with c independent of Band u. Since v E Ap implies 

and 
I r ( 1 r P ) lip lET JB lui dx::; c 11 (B) JB lui 11 dx , 

we have 
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Let x be a point where 'Vu(x) i= o. We assume that B has center at x, and we 
wish to compare the relative sizes of I and II as IBI -> 0 and as IBI -> 00. As 
IBI -> 00, 1->00 since 'V 2u "¥:- 0, and II -> 0 since u E L;,(Rn ) . Consequently, 
I ~ II for large B. Now consider small B, and first assume u(x) i= o. Then 
we have for small B that 

and therefore I:::; II for B small. In case u(x) = 0, since 'Vu(x) i= 0 we have 
lu(y)l;::::: Ix - yl for all y which lie in a sector r of B. Then (diamB = r) 

lip ( ) lip II~r-1 ({IX-YIPVdY) ~r-l j Ix-ylPvdy ir rl2::olx-yl::or 
r 

( ) 

lip ;::::: j v dy ;::::: v (B) lip 
rl2::olx-yl::or 

r 

smce v is doubling. On the other hand, 

and therefore I:::; II for IBI small. 
Then, if x is a point at which l'Vu(x)1 i= 0, there exists a ball B~ centered 

at x such that I = II, i.e., such that 

Therefore, for such x, 

by (1.9). For each N > 0, by Besicovitch's covering lemma we can select a 
subfamily of balls Bk with this property which have bounded overlaps and 
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whose union covers {x: Ixl S; N, \7U(X) f= O}. Then 

1 l\7ulq w dx 
Ixl:S;N 

= 1 l\7ulQ W dx S; L r l\7ulQ w dx 
Ixl:S;N,I'Vu(x)I"O k ls, 

$ C l( (Is, 117' ul' v d x flP (Is, I ulP v dX)" -,),1, 

$ C {l( (Is. Il7'ulP v dx r (Is, lui' v dx f'r (since q "P: 

$ C ( l( Is, 117' ul' v dx fP (l( Is, lul'v d x t')'I' 
(by Holder's inequality) 

S; cll\72ull~~ Ilull~~-a)Q 

since the B k have bounded overlaps. Since the constant c is independent of 
N the sufficiency follows by letting N --+ 00 , 

For the necessity, let Bl = ~B, B2 = 1Bl ' and B3 = iBI ' Define u to be a 
smooth function which is zero outside B, u = 1 on Bl ' and u linear in B3 \B2 
with l\7ul:::::o c/lBI I/n there. Then it is easy to check that 1\72ul :::::0 c/lBl2/n in 
191 BI \ 19° B1 , Condition (1.9) follows from (1.8) by choosing this u in (1.8) 
and using the fact that the weights are doubling, 
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