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SOBOLEYV INTERPOLATION INEQUALITIES WITH WEIGHTS

CRISTIAN E. GUTIERREZ AND RICHARD L. WHEEDEN

ABSTRACT. We study weighted local Sobolev interpolation inequalities of the
form

! oh 1 , h—1
w, (B) /B lu ()77 wy (x) dx < ¢ <v(b’) /B lu () v (x) dx)

LI . ! ,
X (“’1 (B)/B|Vu(x)| wy (X) dX+17(B)/B|u(X)I v(x)dx],

where 1 < p < oo, h > 1, B isaballin R", and v, w,, and w,
are weight functions. The case p = 2 1is of special importance in deriv-
ing regularity results for solutions of degenerate parabolic equations. We also
study the analogous inequality without the second summand on the right in the
case u has compact support in B, and we derive global Landau inequalities

IVull e < cllully “Ivulldr, 0 <a <1, 1<p<q< oo, when u has

compact support.

1. INTRODUCTION

In this paper we consider interpolation inequalities of the form

1 24 1 2 h=1
W/BW(XH w, (x) dec(m/Bu(x) v (x) dx)

(1.1) n
|B| 2 1 )
X (wl(B)/BIVu(xH w, (X) dx+v(B)/Bu(x) v (x) dx)) ,

for u € Lip(B). Here h > 1, B isaball in R", |B| denotes the Lebesgue
measure of B, v(B) = [pv(x)dx, v, w,,and w, are nonnegative functions,
and ¢ > 0 is a constant independent of B and u. Also, Lip(B) denotes the
class of functions which are Lipschitz continuous in B, and Lip,(B) denotes
the subclass of functions with compact support in B. We also derive inequali-
ties analogous to (1.1) with the second summand on the right-hand side omitted
if u has compact support in B.

Such inequalities are the main tool in proving Harnack’s inequality for solu-
tions of certain degenerate parabolic equations by using the iteration method of
Moser [12]. For this method it is important to have 4 > 1 on the left-hand side
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264 C. E. GUTIERREZ AND R. L. WHEEDEN

of (1.1). Using the results in this paper we show in [8] Harnack’s inequality for
solutions of equations of the form

ED ;(x.0D, u),

i, j=1

where

n
2 2
w, ()27 < a(x, 0)EE < wy (x) €]
i j=1
x € Q, teR, with Q a domain in R”. We mention that such equations
arise by making a quasiconformal change of variable y = ¢(x) in the heat

equation & = Ay; in this case, v = |det((p')| and w, and w, are constant

a1
multiplies of v""2/". They also appear in the problem of heat conduction

in a nonhomogeneous and nonisotropic medium; in this case v(x) represents
the product of the density times the specific heat at the point x and g, ; is
the thermal conductivity. For results about this equation when v = 1 and
w, = cw,, see for instance [4, 7]. Also, when v = w, = w,, see [5, 13].

We present the interpolation inequalities separately because they are of in-
dependent interest and because the method we use to prove them is useful in
other situations. We give one such result, Landau’s inequality, in Theorem 5
below.

We say that a nonnegative and locally integrable function w is a doubling
weight if there exists a constant ¢ > 0 such that w(2B) < cw(B) for every ball
B in R", where 2B means the ball with the same center as B and twice the
radius. Given 1 <p < oo, wesay w € 4, if for all balls B in R”

(|%|/dex> (ulTl/Bw*l/(p_”de—l <c.

Wesay w € 4, if I—llﬂ Jpwdx < cessinfyw . Also, if v isa weight, w € A,(v)
means an analogous inequality holds with dx and |B| replaced by v(x)dx and
v(B), respectively. We also use the notation A4 (v) =U,5, 4,(v).

Given g > 2, we say that the Poincaré inequality for w,, w, holds for B
if there exists a constant ¢(B) such that for every u € Lip(B) we have

(P)
L Y, d l/q< B)|B|'" I vullw, d v
<w2<B>/B'“‘avﬂ~B“’ w, ") <c(B)15| (wl<B>/B' ufw, ") ’

av u——l—/ud,u
#BT T u(B) Jp '

If we assume w]'l , w, doubling and, for given B,

~\ 1/n—1 ~ 1/q ~ 1/2
|B| w,(B) o(B) )
(1.2) (ﬁ) <wj(3>) (a(B)) s¢
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for every ball B C 2B and ¢ = wl"l, then by [14] (P) holds for B with
¢(B) = C|Bl_1’w1(B)l/2O'(B)]/2 ,and u=1or u=w,. If w, €4, then (1.2)
is equivalent to

(1.3) <M9_|>”n (wz(3)>l/q<c(wl(3))l/2

|B| w, (B) ~ \w, (B)
Therefore, if w, € 4,, w, is doubling, and (1.3) holds, then (P) holds with
¢(B) independent of B and x4 =1 or u = w,. We also know that if (P) holds
and w,, w,, and u are doubling, then (1.3) holds. In fact, the proof given in

{3, p. 1194] for u =1 or u = w, works for any doubling x.
We now state our main results.

Theorem 1. Let w,, w,, and u be doubling weights. Suppose (P) holds for
w,, w,, and some q > 2 for all B C 3B, with center in B, and with c(B)
independent of B. Suppose also that there exists ¢ > 0 such that

) 1/2

1 1/n 1
(1.4) m/}glu—av#ﬁumdxgclm <w1 )

for every B C B, and every u € Lip(B). Then there exists h > 1 and a constant
¢ such that

1 2h
ul” w,dx
w2<B>/B' o,

( . ) 2/n
gc(avﬂ‘Blu[)w’_” (ifl(B)/B{Vu[zwl dx+(avu,3|u|)2>

for every B C B, and every u € Lip(B).

We remark that condition (1.4) with u = w, follows by Hélder’s inequality
from (P). This is because if (P) holds with any u then it also holds with u = w, .
Condition (1.4) also holds for x4 =1 if w, satisfies

/wdx/wll x<c

for all B C B, ; see Remark (2.10) in §2 for a proof. See also Remark (2.9) for
some comments about the value of 4 in Theorem 1.

Corollary. Let w, and w, be doubling weights. Then there exist h > 1 and a
constant ¢ such that

1 24
wz(B)/B|ul w,dx

Sc(ﬁ/}gu%dx) <|B|2/" /]Vu| w, dx + (IB)/Buzvdx)

for every ball B C B, and every u € Lip(B) under either of the following
conditions:
(i) w,,v e A4, and (P) holds for w,, w,, u =1 and some q > 2 for all
B C 3B, with center in B, and with c(B) independent of B.
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(il) v/w, € Ay(w,) and (P) holds for w,, w,, any u, and some q > 2 for
all B C 3B, with center in B, and with c(B) independent of B.

Theorem 2. Under the same assumptions as in Theorem 1 but with (1.4) replaced
by

b 1/n 1 2 12
(1.6) #(B)/B!ul du < c|B| (—wl (B)/BIVuI w, dx)

for every u € Lip,(B) and all B C 3B, there exist h > 1 and a constant ¢
such that

1 24 2h—1) |B|2/" / 2
(1.7) _w2 (B)/Blul wydx < c(av, plul) <w1 B Bqu| w, dx

for every B C B, and every u € Lipy(B).

Theorem 3. Let w,, w,, and u be doubling weights and suppose (P) holds for
B with w,, w,, and some q > 2. If w,/v € A _(v) then there exist h > 1
and a constant ¢ > 0 such that

1

2h
ul” w,dx
w2<B>/B' ",

1 h—1 B 2/n
Sc<m/Buzvdx> 1111 I(B)/B|Vu|2wldx+(av#,81u|)2
I

for all u € Lip(B). Also if (P) is replaced by

1 J 1/q Un 1 5 1/2
(S) <m/3|u| wzdx> <c|B]| (wl (B)/B|Vu| wldx>

for all u € Lip,(B), then the inequality above holds with (av, p ]ul)2 omitted
for all u € Lipy(B).

See Remark (3.1) for the relation between Theorem 3 and the second part of
the corollary to Theorem 1.

The local results proved above lead to global results for functions with com-
pact support in R" by letting B T R". For example we have the following
theorem.

Theorem 4. Suppose that w, , w,, and v are doubling weights and that inequal-
ity (1.7) holds with u = v for every ball B and every u € Lip,(B) with constant
¢ independent of u and B. Then

h—1
/ |u|2h w,dx < ¢ (/ u’v dx> (/ |Vu|2wl dx)
R" " R"

for every Lipschitz function u with compact support if and only if
1BI”" w, (B) < cw, (B)v (B)"™'
for all balls B in R".

The same method used to prove Theorems 1 and 2 gives the following theo-
rem.
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Theorem 5. Suppose 1 <p<g<oo, V€ AL7 , w is doubling, and the following
Poincaré inequality holds: There exists a constant ¢ such that for all balls B

1 404 1/q Bl/" 1 p 1/p
_ <
(w(B)/B|u avyul’w x) < c|B| < B /qul v x) ,

where av, u is the average of u with respect to Lebesgue measure. If 0 < a < 1
then

- 2
(1.8) IVullys < clullpy® 197wl
for every ue C 2(R”) with compact support if and only if
(1.9) [BI* " (B) < cv(B)'”

for all balls B in R". Here V2u denotes the vector whose components are the
second derivatives of u.

If w=v and p=g¢q then ve 4 » implies the Poincaré inequality required
above and (1.9) means a = 1/2. Hence, assuming only that v € 4,, we have

19l < el 197 ullf

For results about the Landau type inequalities proved in Theorem 35, see [2,
6] and the references listed there.

We remark that Theorems 1-4 and the Corollary have analogues for L’
norms instead of L? norms. To obtain the statements of these results, simply
replace the exponents 2, 24, 2(h— 1), and 2/n by p, ph, p(h—1), and
p/n , respectively, at each occurrence, and in (P) and (S) replace the exponent 2
on the right by p, keeping ¢ > p. For a related comment, see Remark (2.11).

The organization of the paper is as follows: in §2 we prove Theorems | and
2 and the Corollary; in §3 we prove Theorems 3 and 4; and in §4 we prove
Theorem 5. For the relation between g and /4, see Remarks (2.9) and (3.2).

2. PROOF OF THEOREM |

The proof is done in two steps. The first step is to show that the conclusion
of the theorem holds with the integrals on the right-hand side extended over
3B, i.e., we will show that there exists # > 1 and a constant ¢ > 0 such that

/|u|2hw2dx§cw2(3)(av 3B[ul 2h=1)
B
(2.1) § <|BIZ/n

/ qul w, dx +(av, 3p|ul) )

forall B C B, and u € Lip(3B). Fix a ball B and let x € B and B, bea
ball centered at x. We set g = 24, ho > 1. We have

2h h 2h 2h
/B|u| w,dy <4 {/B lu—av, p ul"w,dy+lav, g u wz(B.\,)}.
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If h < hy, then by using Poincaré’s inequality we have

/B P w, dy

X

h
n 1
sew2<Bx>{lel”’/ (w——@—) / twfwldy) +|avu,g,‘.”lz"}

=cw,(B,){I+1I} .

Now if B, is large, i.e., if B C B, C 3B, then we may assume I > II,
because if I < II then

2h 2h 2(h—1) 2
/B |u|” w,dy < cw,(B,)| av, p ul” = cw,(B,)| av, g ul (avu,B‘A u",

which by doubling implies (2.1).

On the other hand, if B |— 0, then I — 0 and II — |u(x)|2h . Therefore,
if u(x) # 0, then for small B, we have I <II. Hence, given x € B such that
u(x) # 0, there exists a ball B, contained in 3B such that I =11, i.e.,

2/n 1 2 _ 2
(2.2) |B,| (—-——wl(Bx)/B |Vul”" w, dy) =(av, 5 u)°.
Consequently, for this ball B_,

h
2h 2h/n 1 2
< B —_—
/B‘ lu|™ w,dy < cw,(B,)|B,| (wl(Bx) /BY |Vu|"w, a’y)

2h—1) 2 1 2
= cwy(B,)lav, , u"""V|B " (wl(B )/B IVl w,dy) :
X .

By Besicovitch’s covering lemma there is a family {Bk},f‘;1 of such balls which
covers B and which has bounded overlaps. Therefore, by adding over k and
using the fact that av, p, lu| < [35luldu/u(B,) since B, C 3B, we obtain

(2.3)
/B |u|2h w,dx

21y (1B
ScZwZ(Bk)(avﬂ‘BA |ul) ( £ / |Vu| w dx)
k
2/n

SC</ |ul du>2(h_l)Z 12(h-l k)lBkI / Vul* w, dx.
3B © U(B) w,

We will show that under the hypothesis (P) of Theorem 1, there exists /4, > 1
such that

~ ~ \ 2(h-1) 2/n ~ ~ 0\ 2
w,(B) wu(B) |B| w,(B) K(B)
(24) ,(B) =€ (#(B)) {<|§1> w, (B) " (MB)) }

S
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for all pairs of balls B , B such that B c 3B , B C B, and the center of B
lies in B. Note that if (2.4) holds for some value of 4, it also holds for all
smaller values of A, . Taking (2.4) momeatarily for granted, let us complete
the proof of step one with /4 chosen to be less than or equal to min{#,, A,}.
In fact, using (2.4) with B = B, , (2.3) is then at most

(/ |u|du> 2h— I)Z |B,|"" w, (B) (ﬂ(Bk)>2(h—1)

~ u(B)*"Yw (B,) \ K(B)

()" 5 - (i) ), o

2(h—1)

|2/n

<cw, (B)(av, plul)

u,3B

2/n
X { 18] / |Vu[ w, dx

|B|2/n
B) Z (B,) / ]Vu| w dx}

2(h— 1)
gcwz(B)(av 3Blul

|B|2/n , 1 )
x{wl(B)/wIVu] wldx+#———(B)2;(/BAud,u) },

where for the first sum we have used the bounded overlaps of the B,’s, and for
the second sum we have used (2.2) for each B, . Since

2 2
1 1
WZ(/&W{”) <#(B)2 (;/Bk|u|dy)

k
2
S (1 ) < ctav,

|

IN

we obtain the desired estimate

2/n
cw, (B)(av#‘33[u|)2( {lBI / |Vu| w, dx + ( av 3 lul) }

We now prove (2.4). Since w,, w,, and u are doubling, (P) implies (1.3)
with g = 2h, ; therefore

1/hy 1=1/h,

wz(E) _
w,(B)

w,(B)
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Thus, we will be done if there exists h1 > 1 such that

wyB)]'"" [@r(""l)
w, (B) ~|u(B) ’
But since w, and u are doubling, there exist v, d > 0 such that w, € RD,
and ueD, ,ie.,
(1B (B
U(B)>c <|——|> u(B), w,(B) <c (l—[,—-) w, (B),

and consequently

w,(B)
w, (B)
Now pick A, so close to 1 that 4(1 — 1/h,) > 2(h, — 1). This completes the
proof of step one for any 4 < min{Ag, h,}.

Note that (1.4) is not used in the proof of step one.
We now turn to the second step in the proof of Theorem 1, namely, to deduce

the inequality (2.1) for B, B, i.e., to show that

h
/B|u|2 w,dx
-1y [ |B)*" 2 2

Scwz(B)(aV#,BWD (wl (B)/BIWI w, dx"‘(aV#,BWD

™ ~ \ v(1-1/hy) =0\ W/ (1=1/hg)
1B| HB)
<c(|13|) SC(ﬂ(B)) '

for all B C 3B, and u € Lip(B). We use an idea of R. V. Kohn (see [9, 10]).
We construct a family of disjoint balls in B in the following way. Set B =

(w0 N j=1,2
1+10° 1+10%° Ty

and let Rj be the ring
Rjz{x:81+~-~+ej§|x—x0|<el+-~-+ej+l},

j=1,2,..., R0=Bel(x0). Note that U;)ZOR,- = B since Z;’lej =r. The

In R, consider the family of all balls with radius %ej "

B,(x,)

J

width of Rj is €y -
contained in R ; and let {Bkj }, be a maximal subfamily of disjoint balls. We

set B® = R,.
The family {Bk’ }i.; has the following properties:
‘i
(1) R, cU, 38"
(2) ABY c B (x,) for A< 10°+1.
(3) {lOsz’}k‘j has bounded overlaps.
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Then by (2.1) applied to each ball 38*/

2h 2h
/Iul wzdeZ/ M w, dx
B k,j 3B

kj 2(h—1
< e wy(BY) av, gy )"
k.j
kj2/n
8| 2 :
> (——— 9BM]Vul W, dx +(av, gp |ul)

wl(Bk’)
|Bk1|2/n/ 5
,u 9pt/ U I l (——R‘é—kj—) -y |Vu| w, dx

c2s

k,
Z (B")(av
k.j

g u)? = T+11

By estimating I as we estimated the sum in (2.3) and using (2) and (3) we obtain

2(h=1) IBIZ/"
I<c(av, B|u| w, (B /qul w, dx.

To estimate I, given B* let #(BY) = {A Y s Afj} be the chain
of balls connecting B" and B. By this we mean Aoj = BOO, Afj = BY ,
and 24 n24Y #@,r=0,1,2,...,j—1. Then

r+1

kj 24
Il = csz(B ’)(avﬂquk, |lu — av, gpo U +av, gpo ul)

k,j
h kj 2h
<4'c) w,(B )@V, ggos lu—av, ogoul)
k,Jj
h kj 2h
+4 csz(B J)|avu,930"u|
k’j
=11, +11,.

24

Clearly, II, < cw,(B)(av, |ul) |
To estimate II, we write for x € 9B/
|u(X)—aV’u79800u|= u(x)— aﬂ9BA,u+Z Lol U =AY gk u)| .

m m=—1

Then
kj 2h
II, <c E w,(B )(avuVQBk,Iu—av“’gak, u|)

2h

J
ki
+Zw2(B 7 (Z[avu.wfy/u—av# 0k Iu|) =8, +S,.
k.j

m=1
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S, can be estimated using (1.4). In fact, we write
2h—1 2
S, = sz (av ot |lu — av, oph ul) ( )(av”’%k, U—av, gph u|)
and since by (2)
v | |<2 < 2 lu| d
av, gpu [ —av, gpu Ul < av#,gBk,|u|_ m A uldu,

then

S§c</udu> w, (B , / Vul"w,dx.
1 BI | kz:j 2( )/J(Bkj)z(h_l) wl(Bkj) 9B+ | l !

Again, in the same fashion by which we estimated I, we obtain

2(h—1) |B|2/"
Sy <clav, glul) w, (B /]Vul w, dx,

which is the desired estimate.
To estimate S, , use Holder’s inequality for sums to obtain

2h—l 2h
SzSCZ“’z( Z|av ak WAV gk ul
k

m /n 1
m=1

_ 2h~l 2(h—1)
csz Z|av” gt U= AV, gk u|

m m—1
m=1

2
><|av# U=av, g ul”.

m—1

kJ
‘9’4 m

Using the Poincaré inequality for w,, w, we have

2
/ lav, g ou—av, g ul w,dx
94 ‘\’ImgA‘\/ M, m m.oA4, “

m—1

2 2
<2 u—av oulTw,dx + u—av g Ul w,dx
B (‘/9AA/I 11.9.4 ,"I | 2 931"’ | /1'9’4 m/AI [ 2

kj
kj2/nWy(A,) 2
<cld,) |2 ;\"j AVulw, dx
w(A4,)) /94
kj
ki 2m WAy ) 2
+elay |2 = IV w, dx
w (A7) /94,
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Since w,(A4 ’) ~w, (A, kj )~ w2(9Alfnj Nn94 I:nj—l) , we obtain

la kiU —av k ulz
9A m/ H, 9A m’ 1
kji2/n kj 2/n
A
< C—l—l—k/ |Vu|2wl dx + c%/ |Vu|2w1 dx.
w,(A4,7) Joaki w (A, ) Joatl,
Thus, as usual,
2(h—1)
Szgc</ ]uldu)

kjy 2h—1 2
X E wz(B )J E (Akf) T (A'”)/M Vul"w, dx.
l m

m=0 4

We write the last sum as

2h—1 B |4 1 vulw. d
ZJ Z U72( ) Z (A)z(h_l)wl(A) [)AI U| w,ax

J k:BeR, AeF (BY)

o
:ijh—l > w2(Bkj)Z > X5 ) (A
J

k:B*€R, m=0A4€R,,

2/n
X —'f'—l——— |Vu| w, dx
(A) w,(A) Joa

2h—1 |A|2/" 1 2
= Z Z Z 5w () [M |Vul"w, dx

m=0 AER,,

.
X Z w,(B j)X.fi(B“)(A)

k:B“eR/
We claim that there exists ¢ > 0 such that
kj c ) )
(2.5) Yo w,(BY) < (1+—o)j"7w2 (4) ifA€R,
k:B"€R,
Ae7 (B

We shall momentarily take (2.5) for granted. Observe that if 4 € R, then

. 1 100 \" r
rad'us(/{)=5<1+103) 1+10°°

so if we set & = (1+10%)/10°, then |A| < ¢r"/8™" = ¢|B|/6™" . Now picking
£ > 0 such that 1 + ¢ =6°, we see that the sum above is bounded by

21 [Alz/" 1w, (4)
(2.6) Z 5 > T ST D) / Vul w, dx.

m=0 4€R,
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We will show below that there exist 4, > 1 and a >0 such that

~ ~ 2(h2—l) 2/n—a ~

(2 7) w2(B) <c /‘(B) @ wl(B)
wy(B) ~ "\ u(B) |B]| w, (B)

for all balls B C B. Note that if this condition holds for some value of h,, it

also holds for all smaller values of 4, . Taking (2.7) for granted and assuming
that 4 < min{hg, h,, h,}, we see that (2.6) is bounded by

|B|" w, (B) 2h—1 1 141\ 2
WSS 3 ot (fa) ] 5 e

u(B)*=1 w, (B) m=0 A€R,,

2/n w, (B) 2h—1 o—¢j / em—amn 2
< c|B| = joo 1) |Vu|"w, dx.
(B ”w,(B)z,-: ;o 8

We have

i 2h—1 sjzj: mn+em
Jjo6 o

j=0 m=0
oo oo o0
_ Z 5—(ymn+em Z j2h—15-—£j <c Z d—amnmzh—l ,
m=0 j=m m=0

which converges since « >0 and § > 1.
The same sort of argument that we used to prove (2.4) shows that if w, €
RD, and u € D, then (2.7) holds for any a >0 and 4, > 1 which satisfy

v(l—1/hy) >2d(hy—1)+a.
This implies the result.
Proof of (2.5). Fix A€ R, , and for m < s < j define
ks
z= |\J B

k:B“eR,
AT (BY)

Note Z, = A. We will show that there exists ¢ > 0 depending only on the
doubling constant of w, such that

(2.8) (Uz) (14 0)w (_SU+12>

In fact, since the width of Z_ is ¢ if welet A =10 /(lO3 + 1), we see

that the width of J/__, Z, is

s+1°

ey ++H g, = (1+10%)e

s+1°
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Therefore, letting

20+100Z,= |J 2(1+10)B°
k:B“eR,
AT (B*)

we have JJ_,,, Z, C 2(1 + 10°)Z, . Then, by doubling,

(U Z><w2(2 +10%)Z,) < cw,(Z,),

I=s+1

and (2.8) follows by taking o = 1/c. Iteration of (2.8) gives

J
i) ¢ e (U%).

and since 2(1 + 10° )Z,, D U, me1 Z; and Z, = A4, (2.5) follows by doubling.

Remarks. (2.9) We now make some comments about the values of /4 in steps
one and two of Theorem 1.

Note that if the weights are doubling and (2.1) holds for a given /%, then
condition (2.4) holds with 4, = h. This follows as usual by choosing an ap-
propriate function u. Conversely, as the proof shows, (2.1) is valid for any
h < min{h,, h } with h asin (2.4). Moreover, the conclusion of Theorem 1
holds for A < min{h,, h,, h,} with h, asin (2.7). In particular, if w, € RD,
and x4 € D,, then (2.1) holds for 4 < min{A,, 1 + 55(1 — 1/hy)}. In case
w, =w, and u € D,, (2.4) holds with 4, = 2+ 1/nd and (2.7) holds with
h,<1+1/nd.

(2.10) To see that condition (1.4) holds for u =1 and w, € 4,, note that

|u(x)—av3u|§c/8’—xly_uJEI—J:)_|ld

for x € B. Integrating over B we get

/[u X) —avy u| dx<c/|Vu(y|/| —dxdy

sclBl”"/BIVu(y)l dy.

Hence, since |B|™° Jpw, dx [, wl_' dx < c, (1.4) follows by Schwarz’s inequal-
ity.

(2.11) The proofs of the L” analogues of Theorems 1-4 mentioned in the
introduction are the same as in the L’ case, replacing 2 by p whenever 2
appears in an exponent, including those exponents in conditions (2.4) and (2.7).

Proof of the Corollary. 1f (i) holds, we first note that the hypothesis of Theorem
1 is satisfied for u = 1; for (1.4) this follows by Remark (2.10) above. The



276 C. E. GUTIERREZ AND R. L. WHEEDEN

conclusion of the Corollary then follows from the conclusion of Theorem 1
using the fact that v € 4, implies

l%l/Blul dxgc(v—(lB;)—/Buzvdx>l/2.

If (ii) holds, the fact that (P) is true for any ux implies that (P) is also true
for u = w,, and thus (1.4) holds for x4 = w,. The conclusion of the Corollary
now follows from Theorem 1 with u = w, since v/w, € A,(w,) implies

ﬁ/l,lu““zdx <c (U(IB) /Buzv dx>1/2 '

Proof of Theorem 2. The proof of Theorem 2 is similar to that of Theorem 1.
If u has support in B we show in the same fashion that for B large, i.e.,
B C B, C 3B, we may assume I > II, because if I <II then

2h 2h
/B |ul” w,dx < cwz(BX)lavu,B\ u|

2(h—1) 2

= cw,(B,)|av (av#‘B\ u)

2/n 1 2
B | w.(B) /B\ [Vu|"w, dx

by (1.6) applied to B, . Here we extend u to be 0 outside B. The rest of the
proof of step one is the same as in Theorem | except that in estimating (2.3)
we replace (2.4) by the weaker condition

~ ~ N 2(h-1) 2/n ~
w,(B) u(B) IBI\" w,(B)
(2.12) w, (B) Sc<#(3)> (|1§|) w, (B)

for all B c 3B. Thus we obtain (2.1) with the second factor on the right-hand
side omitted. Since suppu C B we do not need step two, and Theorem 2
follows.

u,B, u|

o 2h—1)
< cwz(BX)iav”‘B\ ul 1

In passing we note that condition (2.12) with A, = h is necessary for the
conclusion of Theorem 2; this again follows by choosing an appropriate function
u.

3. PROOF OF THEOREM 3
We write
/ |u|2hw2 dx = /B(]u|2(h_l)vh_l)(uzwzl/h“)(wzl_'/h“vl_h)dx.
B

Applying triple Holder’s inequality with indices 1/(h—1), h, and r, h—1+
1/hy+1/r =1, we get

2h
/ |u|” w,dx
B

h—1 1/h, o - 1r
< (/ uzvdx) (/ uzh"wzdx> </ wgl 1/ ")rv“ mra’x) .
B B B
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The second term by Poincaré’s inequality is bounded by

1/hy
c</ lu—av, Bu|2h°w2dx+w2 (B)(av, B|ll[)2h°>
5 . :
1 h l/ho
2hy/n 2 0 2h,
§c<|B| w, (B) <—_—w1(B)/B|W' wldx> +w, (B)(av, plul) )

1/h, 2/n 1 2 2
< cw, (B) [[Bl <w1 (B)/B|Vu| w, dx) +(avﬂ’3|u|) } .

To estimate the third term observe that (A — 1)r + 1 =r(1 —1/h;); then

17k _ Wy (h=Dr+1
/wz( o)y h)rdx:/ (—2) vdx.
B g \U

If h — 1 then r stays bounded and (A —1)r+1 — 1. Thus, for 4 near 1, by
the reverse Holder property of w, /v,

/B (%)(h‘lwrl vdx < cv(B) (fs(wz/”)” dx>(h—l)r+]

v v (B)
w, (B)(h—l)r+l

Consequently,

h—1
/B|u|2h w,dx <c¢ (v—(lﬁj /1; u'v dx> w, (B)l/h0 w, (B)h_l“/r

X <|B|2/" (wll(B)/BWu'zw‘ dx) +(av#’B|u|)2>

and the inequality in the theorem follows.

If (P) is replaced by (S), then we estimate the second term above using (S)
and we obtain the inequality in the theorem with the term (av, p |u|)2 on the
right-hand side omitted.

Remarks. (3.1) We shall see that the hypothesis w,/v € A_(v) of Theorem
3 is weaker than the hypothesis w,/v € 4,(w,) of the Corollary: Note that
the hypothesis w,/v € 4,(w,) is equivalent to the hypothesis v/w, € 4,(w,).
However, in order to get a summand ﬁ I3 u*vdx instead of (av, p |u|)2 in
the second factor on the right in Theorem 3 with x4 = w, we need w,/v €
A, (w,) .

To show that ¢ € 4,(pv) implies ¢ € A_(v) (¢ will be w,/v), note that
if 9 € 4,(pv), then

1 2 172 |
(v(B)L“‘”) SCWS’)/B"’”“’

that is, ¢ satisfies a reverse Holder condition of order two with respect to v dx,
and therefore p € 4 (v).
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(3.2) If ¢, 1is the reverse Holder order of w,/v with respect to v, then the
exponent 4 in Theorem 3 can be taken to be any value # < & such that

hy — 1
T hhy =1 =%

Proof of Theorem 4. If u € LipO(R") with suppu C B, then the sufficiency
follows by applying (1.7) in B, using Schwarz’s inequality on the first factor
and then applying the hypothesis

2
B[

(h-=1Dr+1=

w,(By) < cw,(By)v(By)"™"

For the necessity take ¥ =1 in B, u =0 outside 2B, and |Vu| < c/lBll/"

4. PROOF OF THEOREM 5

We first prove the sufficiency of (1.9) for (1.8). Let B be a ball in R” and let
av, Vu be the vector average of Vu over B with respect to Lebesgue measure.
By Poincaré’s inequality applied to each component of Vu,

(ﬁ /B |Vu|?w dx) "

1 1/q
< (m/B‘Vu—avBVur’wdx) +|av, Vu|

1/n 1 2.0 e
< c¢|B| W/BW ul"vdx + lav, Vul.

Now we use the inequality (see [11, Lemma, p. 65])

lav, Vul gc{|B|-l/"l%l/B|u| dx+|B|l/"ﬁ/B|V2u|dx}

with ¢ independent of B and u. Since v € Ap implies

L/ V2| dx < _‘_/ ]Vzulpvdx>l/p
B[ /5 Y=2\vB) /s

1 1 » 1/p
— uldx <c —/u vdx) ,
7 ), (ot [,

we have

I/p
/]Vulqwa’xgcw(B){|B|l/"< B /|V ul vdx)
B
1/p) 4
+1B]” ””( /|u| vdx> }

{1+ 17

and

w (
= C—
v (B) q/p
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Let x be a point where Vu(x) # 0. We assume that B has center at x, and we
wish to compare the relative sizes of I and Il as |B| — 0 and as |B| — o0 . As
|B| — 00, 1 — oo since V?u # 0, and Il — 0 since u € L”(R"). Consequently,
I > 1II for large B. Now consider small B, and first assume u(x) # 0. Then
we have for small B that

1 —pm 1
B g [ IPulvdy < 1B s [P vy,

and therefore I < II for B small. In case u(x) =0, since Vu(x) # 0 we have
|lu(y)| =~ |x — y| for all y which lie in a sector I of B. Then (diamB =r)

1p I/p
-1 P —1 p
In>r — > — d
> ([x-stoay)  2r ([/Zﬂx_ylgrlx v v y)
r
1/p
I/p
~ ~v (B
(/’/2§|X—y|5rvdy) v(B)

r

since v is doubling. On the other hand,
I<r <m£x|V2u|) v (B)l/p ,

and therefore I <II for |B| small.
Then, if x is a point at which [Vu(x)| # 0, there exists a ball B centered
at x such that I =11, i.e., such that

1/p
" (/ |v2u|”vdy) =B, (/B |ua”vdy)

Therefore, for such x,

1/p

/ Vull wdy < oL Bx) |B |2 aim
B, U(B )fl/P ;

X

aq/p
X (/ ]Vzulpvdy> (/ Mpvdy)
B, B,
aq/p (I—a)g/p
Sc(/ leulpvdy) (/ |u|pvdy>
B, B,

by (1.9). For each N > 0, by Besicovitch’s covering lemma we can select a
subfamily of balls B, with this property which have bounded overlaps and

(1—a)q/p
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whose union covers {x: |x|] < N, Vu(x) # 0}. Then

/ [Vu|* wdx
Ix|<N

/lt'f!ﬁNJVu(X)I#O

aq/p ’ (1—-a)q/p
<c) </B V2 ulP v dx) (/B lul” v a’x)
k k k

q/p

a l—a
<edy (/B V2 ul’v dx) (/B |u|pvdx) (since g > p)

k

aq/p
<c (Z/B |V2u[pv dx) (Z/B Iulpvdx)
k K k k

(by Holder’s inequality)

[Vu|?wdx < Z/ |Vu|? wdx
k VB

(1—a)g/p

2 naq (1-a)q
< e[V ulgf ullg

since the B, have bounded overlaps. Since the constant ¢ is independent of
N the sufficiency follows by letting N — oo.

For the necessity, let B, = B, B, =3B, ,and B, = 3B, . Define u tobea
smooth function which is zero outside B, u =1 on B, and u linear in B;\B,
with |Vu| ~ ¢/|B|'/" there. Then it is easy to check that |V?u| ~ ¢/|B|*" in
4B, \ ¥B . Condition (1.9) follows from (1.8) by choosing this u in (1.8)
and using the fact that the weights are doubling.
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